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In the following | derive the standard equation for the Maximum Likelihood estimation for a mixture of
Gaussians. | will concentrate on the mean of a single Gaussian. The other estimates (for the variance and
the mixing coefficients) can be derived in a similar way.

In the class we had the following equations for a mixture of Gaussians:

p(x) = plal)P(j) (1)

with p(z|j) a single Gaussian arfd(j) the mixing coefficients.

In order to derive the maximum likelihood estimate let's make the involved parameters explicit. Those
arey; ando? for each Gaussian and the mixing coefficients themsel?¢s) = «;. The parameter vector
0 therefore contain8 x M parameters:
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In the following | want to make the dependency of the likelihood of a data pgjrfitom this parameter
vectord more explicit. | therefore introduce the following notations:
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Let’s also write out the a posterior probability of a mixture componegiven a particular data point,
since we will need it later in the derivation. This probabilityR?$j|x,,, §) — again making the dependency
on the parameter vectérexplicit:
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The standard log-likelihood for the training s€t= {x1,z2,...,2y} is then defined as:
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In order to find the ML (Maximum Likelihood) estimate for example for the mgame compute the
following partial derivative:
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Here | used (3) to get from equation (11) to (12) and calculated the respective partial derivative. Also
note, that | used equation (7) to get from equation (12) to (13).
To find themaximumlog-likelihood we set the derivative equal zero:
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Similarly we can derive the Maximum Likelihood estimates for the parameteenda;. Those are
actually derived explicitly also in the tutorial of Bilmeg][
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